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The method of multiple scales is used to analyse the nonlinear propagation of waves on the surface 
of a fluid column in the presence of a magnetic field. The evolution of the amplitude is governed by a 
nonlinear Schrödinger equation which gives the criterion for modulational instability. Numerical results 
are given in graphical form
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1. Introduction

The stability of a cylindrical column of fluid (the 
‘p lasm a’) with an axial magnetic field has often been 
investigated. In particular, it has been shown that, 
when the plasm a is confined between conducting 
walls, the presence of an axial magnetic field can, 
under suitable circumstances, stabilize the pinch. The 
sim plest o f the so-called pinch configurations consists 
o f a cylindrical column of fluid (the ‘plasm a’), inside 
o f which a uniform  axial magnetic field is present 
while outside there is a sim ilar field together with a 
circum ferential field falling off as inverse of the radi­
al distance from  the axis of the cylinder. In the usual 
arrangem ents, the column fluid is surrounded by a 
concentric conducting wall. Configurations of this 
kind are achieved in the laboratory by sending a high 
current through a fluid column by means of a dis­
charge. The axial current produces a transverse mag­
netic field which ‘pinches’ the column of fluid into a 
configuration which is idealized in the discription in 
the present work.

The linear analysis of this problem was investigated 
earlier by Chandrasekhar [1], while the second harmon­
ic resonance of it was investigated by Lee [2]. In this 
paper we study the nonlinear instability of such a fluid 
column. The inclusion of nonlinear terms results in am­
plitude modulation. In various problem of interest it has 
been shown that the long-time slow modulation of the 
wave amplitude is governed by a nonlinear Schrödinger 
equation.

The evolution of wave packets on the surface of a 
fluid colum n has been investigated by a number of

workers. Singh and M alik [3] investigated the weakly 
nonlinear breakup of a je t held together by capillary 
forces in the presence of an applied electric field, us­
ing the method of strained coordinates, while Trehan 
and Lardner [4] discussed the effect o f a uniform  m ag­
netic field on the nonlinear conditions of stability of a 
magnetohydrodynam ic je t by the method of multiple 
scales. The method o f m ultiple scales was very suc­
cessfully used by Hasimoto and Ono [5] to derive a 
single equation describing the long-tim e evolution of 
the envelope of a packet of plane finite amplitude 
gravity waves. In the present work we develop, by the 
m ultiple scale method the nonlinear Schrödinger equa­
tion describing the evolution of a finite amplitude 
wave packet on a fluid surface in the presence of an 
axial magnetic field with a transverse field. This m eth­
od was used by Kakutani et al. [6] (see also [7, 8, 9]) 
to study nonlinear capillary waves on the surface of a 
liquid column. The m ethod of m ultiple scales was also 
used by Khosla and Chhabra [10] to describe the non­
linear resonant interaction on a m agnetohydrodynam ­
ic jet, and by Chhabra and Trehan [11] to examine 
weakly nonlinear progressive waves in a self gravitat­
ing fluid column in the presence of a uniform axial 
magnetic field.

The basic equations with the accompanying boundary 
conditions are given in Section 2. The first order theory 
and the linear dispersion relation are obtained in Sec­
tion 3. In Sect. 4 we have derived second order solu­
tions. In Sect. 5, the third order theory and the nonline­
ar Schrödinger equation governing the amplitude mod­
ulation are given. Finally some numerical examples are 
presented in graphical forms.
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We consider axisymmetric wave motion on the sur­
face of a fluid column whose density is p. Let R0 be the 
radius of the fluid column and R x that of the encircling 
wall. The superscripts (1) and (2) refer to quantities in­
side and outside of the jet, respectively. The magnetic 
permeability is denoted by fi. We use cylindrical coor­
dinates (r, <jo, z). Let rj(z, t) denote the elevation of the 
free surface measured from the unperturbed level 
r = Rq. The motion is assumed to be irrotational. If u 
and h denote velocity field and the magnetic field inside 
the fluid column, respectively, at any time t, then the 
equations holding at r < R0 + 77 are

ß

2. Basic Equations

!<+(„.D « = - i  vP- A
dt g 4 Jig

h x ( V x h ) ,

dh
dt

= (h ■ V) u -  {u ■ V) h ,

V u = 0,

V -h (l) = 0,

and at r > R0 + r) we have 

V7 • h{2) = 0.

The unit normal n to the surface is given by 

V F

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

n  =  7 ^ T > = - rl z ( rl z +  1) 2 e z +  ( r1z +  1) 2 e r ,\ V F \
(2.6)

where F = 0 is the equation of the surface of the fluid 
column. The condition that the interface is moving with 
the fluid leads to

dri dri
~  -  ur = -  uz —- at r = R Q + r] 
dt dz

(2.7)

The normal component of the magnetic field is contin­
uous at the deformed surface of the fluid column, so that

n ■ = 0 at r = R0 + ij, (2.8)

where H J represents the jum p across the surface of the 
fluid column, i.e., J/z]| = h{2) - /z (1). At the free surface, 
the normal stress is continuous:

na l p \ - n ß lM aßi  = Q at r = R0 +r],  (2.9)

where na is the unit normal vector given by (2.6) and p  
is the pressure. The force Maß of magnetic origin is

^ (iß _  fl I h(thß Ö(lß hy fly (2.10)

where öaß is the Kronecker delta. Let H\ and H2 denote 
the strengths of the axial magnetic field inside and out­
side of the column, respectively, and let the transverse 
<p-field be

Hq> = HQRQlr.

The fact that the magnetic fields is discontinuous at 
r = R0 means that there is a current sheet of strength

J, = ^ - m - H 2) e r + H 0 ez }.
4 JT

on the surface. Furthermore, in the stationary state, the 
continuity of the normal stress across the surface of the 
fluid requires that the constant pressure p0 inside the 
fluid is given by

P 0 = /± ( . h Z +  h 1 - h } ) . (2.11)

It will be convenient to express H\ and H2 in terms of 
H0. Let

H x = ß xH0 and H2 = ß 2H0.

An inequality which must hold in virtue of (2.11) is 

l + ß 22 > ß l

All quantities are normalised with respect to the char­
acteristic length R0, the radius of the undisturbed jet,

and 1 / - q̂ Ro ■ The magnetic fields are expressed as

h™_
H0

h (2)

= h,

'<p-H o 

Therefore,

V 2ip(2) = 0, 1 + r i < r < R 1/R0. (2.12)

To investigate the modulation of a weakly nonlinear 
wave with narrow band width spectrum, we employ the 
method of multiple scales by introducing the variables

zn = £ z 

and letting

and tn = s nt (« = 0 ,1 ,2 ,  3),

r i ( x , t ) =  £  e nrin(z0, zh Z2 , t0, t h t2) + 0 ( e 4) ,
n =  1

(2.13)
3

u ( r , z , t ) =  X  £nun(r ;zo , zh z2\ to , th t2)
n =  1

+ O ( e ) , (2.14)
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p (r,z ,t )=  X  £nPn(r;z0,Zi,Z2',t0,th t2)
n = I

+ 0 ( e 4) ,  (2.15)

3

h(r, z, t) = ß\ + X  £nK ( n z 0,Z],Z2\t0,th t
n = 1

+ 0 ( £ 4) , (2.16)

z, t) = X  enf i 2)(n  z0, Zu z2\ to, th t2)
n = 0

+ 0(e4), (2.17)

where the small param eter e characterizes the steep­
ness ratio of the wave. The short scale z0 and fast scale 
t0 denote, respectively, the wave length and the fre­
quency of the wave. Here, /, and t2 represent the slow 
temporal scales of the phase and am plitude, respec­
tively, whereas the long scales Z\, z2 stand for the spa­
tial m odulations of the phase and the amplitude. The 
expansions (2.13) to (2.17) are assumed to be uniform ­
ly valid for -  < z < 00 and 0 < t < °°. The quantities 
appearing in (2.1) to (2.3) and the boundary conditions 
(2.7) to (2.9) can now be expressed in M aclaurin Se­
ries expansions around r -  1. Then, we use (2.13) to 
(2.17) and equate the coefficients of equal powers in e 
to obtain the linear and successive nonlinear partial 
differential equations of various orders (see A ppen­
dix). The hierarchy of equations for each order can be 
derived with the knowledge of the solutions for the 
previous order.

3. Linear Theory

Substituting the expansions given by (2.13) to (2.17) 
into the field equations (2.1) to (2.3) and boundary con­
ditions (2.7) to (2.9), and equating terms of equal pow­
ers of s on both sides of the equation, we obtain the fol­
lowing set of equations and boundary conditions to or­
der e. The zeroth order solution yields

^02)----ßlZo- (3.1)

The velocity field and the magnetic field are derived 
from potential fields (px and ip[]) so that W] = V0<pu and 
h \ = -  V0 rp\l\  where V0 = erd/dr + ezd/dzo, and so we 
take

H>o) =  ~ ß\ Zo-

Therefore, inside of the fluid column, (A .1)-(A .4) re­
duce to

K<p,=o,
Vov\"=0.

M i  + (3 |^ L  = 0 ,

dt0 dzo 

^ -  = 0.P\ +
dt0

(3.2)

(3.3)

(3.4)

(3.5)

Outside of the fluid column we solve

F ^ P = 0 .

And the boundary conditions (A .5)-(A .7) reduce to 

= 0 at r  = 1,
oto or

(3.6)

_ 'dlpo T
1L dr  . dzo - dz0 1

Pi + r ^  + r ß
1 5z0 1

= 0 at r  =  1, (3.7)

= 0, at r  = 1, (3.8)

where

a 2 i a a 2
dr2 r dr dzo (3.9)

and r is the magnetic parameter defined by T  = R0Hq/i /  
4 jt .  We obtain following solutions:

r]i =A(z\, z2, t\, t2) exp(/0) + c.c.,

CO I p j k r )
ft = -  i

k /, (A:)

(3.10)

Mzu z2, t\, t2) exp(i'ö) + c.c.,

^{D = _ .ß M M  A(Zb Z2; th t2) exp(,-0)
I\(k)

(3.11)

+  C.C.,

(3.12)

W 2) = iß i  A (zi, z2\ tu t2) exp (i0 ) + c.c.,
K\  (Ac)

(3.13)

P\ — ~ ~  ~ ~ ~  A (zi, z2; h, t2) exp(i 0 ) + c.c.,
k i m

(3.14)

where

6  = kzo~  cot0 .

Here, k and (o stand for the wavenumber and the fre­
quency of the centre of the wave packet, respectively.
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The progressive solutions (3.10)—(3.14) lead to the dis­
persion relation

io2 = - j - m - ß l k K a - ß f k l J ,  (3.15)

Tdip2 ~ _  dr]2 T
I dr _ dz0 - dz0 1

= ( ß , - ß 2) ^ - e :0

-  ki {2k(ß]  Ia + ß 2 Ka) + ß 2 - ß x) 

■ A 2 ex p (2 /0 ) + c.c., (4.6)
where

K M k )  ,  M l ,  (3.i6)
K,(k)  / ,(* )

4. Second Order Solutions

Since our aim is to study the amplitude modulation 
when co2 > 0, we now proceed to the second order prob­
lem in 0 ( e 2). With the use of the first order solutions 
given by (3.10) to (3.14), we obtain the equations for the 
second order problem. If we put

u2 = V<p2 + cllz(r\ Zl, z2, ty, t2) ez, 

h2 = -  Vip{2 ] + chz(r, z\,  z2, th t2) ez ,

pi  + r n 2 + r
dxp2

l ß dzo -II
= - i r ( ß l K a + ß U a)

• e ie + 1 [ -  2a)2 + r { [ ß l ( K l  -  3) 
ttei 2

- A 2(/« -3 )  ]*2 + 3)]A V '8 
+ {TA — co2( I 2 + 1)} AA + c.c. — r ß xchz, (4.7)

where

where
chfl 
dz

we obtain the equations

V(p2 = V0<p2 + ^ ° - e z, ((p = cp , f {l)), 
dzi

Vl<p2 =  - 2 ( 0  I()(kr  ̂ exp (i0 ) + c.c., 
I \ ( k )  dZ)

(4.1)

Vl\p'}) = - 2 k ß x “ ■ exp (i0 ) + c.c. (4.2)
Ix(k) dz\

dip dA
dt0 dzo /] (k) y k dtx

■ exp (id)  + c.c.,

2

(4.3)

, dcf>2 • co fo(kr) dA co“I) 7 H------- — I ---------------------------~-----
dt0 k /, (k) 3f, 2 I \ (k)

• {/02 (kr) (Ae i0 + Ä e ~i())2 - 1x2 (kr) 

(Aei(,- A e - i0)2}
-  r { ß ]chz- c p ( zh z2, t ], t 2)),

V 2 ^<2> = 2k f t  ^TTTr ¥ -  exP<i e >+ c c ’ (4'4)
* l ( * )  OZ,

and the boundary conditions at r = 1

-  exp(i'Ö) + i(o(2k Ia -  1)
oto or otj

• A 2 exp(2 /0 ) + c.c., (4.5)

?i = [ { ß i ( K 2 - \ ) - ß ]z ( I 2 - \ ) } k z + 3] 
,2CO
r (i - i i ) . (4.8)

The non secularity conditions for the existence of a uni­
formly valid solution are

+ y  dA _  q
dzx

(4.9)

and its complex conjugate relation. The group velocity 
of the wave is given by

Va = 1d co
d k 2 col,,

I - - U - 2  
“ /., k 2

(4.10)

+ r  [2 + ß i k \ K i  - 1 )  -  ß t  k 2 i l l  -  i ) ] j .

The equation (4.10) shows that in the second order 
theory, the am plitude A is constant in a frame of 
reference moving with the group velocity Vg of the 
waves.

Equations (4.1) to (4.7) furnish the second order so­
lutions

dz\ co dtx

+ [ k I “ ~ 2 ~ q' j A2 exp(2 *0 )

+ c.c. + A | A |2 -  cp (z\, z2; *i, h ) .

0 2 = _ w zA M ^ i Ä.-e

+ ico qx

k I] (k) dz\
A) (2kr) .2 2,6
k /, (2 k)

A e + c.c.,

(4-11)

(4.12)



D.-S. Lee • Nonlinear Waves of a Magnetohydrodynamic Fluid Column 589

2 * / , (* )

( -  kr /, (*r) -  /„ (kr) } | i  -  /„ (*r) | i  
azi ft> of]

where

j o

+ i foq i h Q * ! l A 2 e2iO + 
h ( 2 k)

,/,(2) = ß l  
k (k)

(4.13)

- ^ ^ ( ^ l ^ + A T o ^ r )
dzi

(1 + * /fu + */„) + A  ^4.
dZj ft) dtx 

tf ,(2 * )

.«0

(4.14)

-  ft) r  / ,  (* r )  +  70 ( £ r ) [• <?'"
9zi 3 î

co

2 /f (* )
[ {/ £ (* / • )- 7 f  (At )  } A ze2 „2 iO

+ 2{Io(kr)  + I] (kr)}  AA ] -  2(o2q\ 

■ A 2e 2lt> + c.c. -  r ( ß xchz -  cp) ,

Io(2kr)
k l i ( 2k)

(4.14a)

<7i =

q 2 = -

D(2(o,2k)  

k
D ( 2 w ,2 k )

+ 2 T k }  (K a + Ia)],

{ -  A  + r 4 k 2ß i ( K a + Ia) Kh} ,

(4.15)

[ -  A  +  {4/fc(- r k 2ß 2 + ft)2)

(4.16)

D(2co,2k)  =

2co2 k \ i h ^ + r a - 2k ß i K h - 2 k ß f i h) ,

A  =  a>2( 3 - 1 2) -  T [ { ß 2(K% -  3) 

~ ß\ (la ~ 3 ) }  k 2 - 2 k l a + 4] ,

K0 (2k) Ip(2k)
h K\(2k)  ’ * l \ (2k)

(4.17)

(4.18)

(4.19)

We have assumed that D(2a>, 2k) * 0 .  The case when 
D ( 2(o, 2k) = 0 corresponds to the case of the second 
harmonic resonance.

5. Third Order Solutions

We now proceed to the third order problem in 0 ( e  ). The third-order problem becomes 

dui,r . 0/?3 8 /i3 r 3 /i3z i
_ 3z0  dr I\(k)

i ( o lx( k r ) ^ -  + (or lo ( kr )  d ^  
Ot2 ot\OZ\

+ r ß 2 ^[krl0 (kr) + I{( k r ) ] ^ - +  I{(kr) 

- { ka>cK l , i k r ) - k h r i 0 ( k r ) ^ \  A

—  ^ 2^  +  lit ^
dz2

e'° + c.c., (5 .1 )

du3 z 3/7 3 _ ft)
3z0 /,(&)

70 (/cr) I + — - ^ -  I -  ir 7] (A:r)0 1 dt2 k d z 2 J \  dtidzi
d2A + ft) d 2A ^

k dz2

~ ~ ü j { k(DCuz 7° ( ^  + 7 |(kr ) ^ ( ( O c uz + k ß x r c hz) \  A

l y 

+ c.c. + Mi (5.2)

g^3r o _  ßl
dto dt0 I\(k)

u>r Io(kr)^~Y + {kr I0 (kr) + 7] (£r)} 
oZj

3 2A
3zi
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dll3z
3f0 ~ ß \

du3z
dzo

ßl
i  m

+ I0 (kr)

- k l 0 (kr) -jp- + i{kr  /, (kr) + 2 I0(kr) } ^  ~  
ot 2 dt\dz\

■ k d 2A _, 3A
OZ2 )(D d t 2

+ i^{tr/,(tr)+/0(*r))^f  
k dzf

-  i <k I0(kr) cz + /] (/cr)
3cz
1 7

+ c.c. + Af4 ,

£0- ^ - ( r a 1r) + ^ -  = --------
r dr dzo k l \ (k )

Hl0 (kr) + k r l , ( k r ) ) ^ - k l 0 ( k r ) ^ -  
dzf dz2 .

e'° + c.c. + M5,

r  3 r dzo h(k )
dhri A i {210 (kr) + kr I\ (* r )} -  * / 0 (*r)I -3,4 32A

3^2 3 ^ 3 ^
exp(/0 ) + c.c. + M6,

d 2A
K\(k)  

exp (id)  + c.c.,

i { -  K0 (kr) (3 + 2k Ka + 2k Ia) + 2kr K x (kr) } + 2k K0 (kr)
OZ\

d2AdA__________
dz2 CO dz\dtj

(5.4)

(5.5)

(5.6)

(5.7)

where

P 3 =  P 3 -
2 o) 2 q\

l \ ( 2k ) I x(k)
{/, (2A:r) /, (fcr) + / 0 (2*r) / 0 (^r)} A2A e'ff

2 ico 
k I 2 (k)

k r l 0(kr) Ix(kr) + - I 0 (kr) 3-4 A - M . Ä
3zi 3zi y

M 2 = r | j 3 , ^ - - ^
0Zi OZ]

3c,,
3/i

M a = - ^ -  + ß, 
3/i

£0

dcu-
3zi

+ 2co f i - 4 -
V CO

- M L { / ,2(tr ) + /„2( t r ) | | - A / \ ,  
/) (*) 3z

cz — k cuz + C/,̂ , 
Pi

3c Af, = _Ü£*L

(5.8)

(5.9)

(5.10) 

(5.11a, b, c)
dzi 3z,

We seek a solution of these equations in the form

u3r — @ur & + bur + . . . ,  u3z — auz e + buz + . . . ,  

h r  =  a hr e '(> + bhr + . . . ,  hj)Z = ahz e'° + bhz + . . . ,

Pi = ap>e,0 + bp' + ...-,

where ... indicates non-secular producing terms. The term independent of 6  leads to the equations 

M2 = 0, Ma = 0,

W - M , .  l l ( r b hr) = M 6, ( 5 1 4 a b )

from which cuz and chz can be determined. If we assume that these two quantities depend on Z\ and tx only through 
the combination of z\ -  Vgt\, we obtain

rc„V„ + r ^ & i - ( \ - ^ V , ) v h k r ) +  l $ ( k r ) ) M

(5.12)

(5.13a, b)

(Jt)

c hz
1

-  r ß l  cr -  .feVg f 1 -  — Ve 1 1 ' l ( k r )  + l$(kr))  AA
l f (k )

(5.15)

(5.16)

where A = V2 -  T /32.



From (5.14) we can solve for bur and bhr. Using (5.11b, c) and (5.15-16), we obtain

var dc,
bur = -
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r _ 2 (o ß i _r r l _ k _ ' \ d £ A
2 A dzi A I 2(k) V co 8 7 3z, 0

u ß \ T  dcp 2a>ß\ Vgf  k ,,  ^ dAA , n  \ j n  x
bhr = —--- t~— r + ----ö—-  1----Vo —— I\(kr) I0(kr).

hr 2 A  3z, A l } ( k )  I co SJ dzj

If we substitute (5.12) into third order equations (5.1-4), we obtain differential equations for aun auz etc. which lead 
to an equation for auz by eliminating other variables. The solution auz is found to be

co
2 k l x(k)

{r2k Io(kr) + r Ix (kr)} + i 2kr l \  (kr) dA
2 J

+ Fx(kr) + a, I0 (kr) , (5.17)

where

2T 1F]i (kr) = I0 (kr) {If (kr)  + Ifi(kr) + V(kr ) }cxA*A -

and V(kr) is defined by the equation

d V _  L(kr)  _ t { / 2( t r ) + / 2(kr))  i m

/,(* )
I0 ( k r ) k c uz+ l l ( k r ) ^ - } A ,

d r  r lo ( kr ) Io(kr)

and

L ( k r ) = j  { l l ( x )  +  l h x ) ) 2xdx, c ,=  f l - A y  V
n V co *J If

4ftrV /3i2jT
(k) A(co2 -  T ß f k 2)

(5.18)

(5.19a, b)

The constant a x in (5.17) is due to the homogeneous solution, and since the solution involving a x will vanish 
when it is substituted into the boundary condition at the free surface, it is set equal to zero. The remaining a ’s can 
be expressed in terms of auz. In the following we record a's which are needed in the subsequent analysis:

ft)
* / , ( * )

-  ~  {kr2I0(kr) -  r  /, (fcr)}^-y- -  i y - { - k r l x (kr) + I0( k r ) } ^ ~  
2 k ozi k 0Z2

(5.20)

+ r l x (kr)  d A. ■ + i / 0 (kr)
oZ\ otj 0^2

F> (*r) ~ 777T 7  k 7o(*r ) cuz ~ h (kr) (chzßik r  + cuzco)\ A, k k l x(k) I dr J

co
k l x(k)  [2

j - { r I 0(kr) + r2k l i ( k r ) ) ^ 4  + { - k r I 0( k r ) + h ( k r ) ) P -
dz? dz?

/ ,(* )  

1

^-{(kr2 + 2) I0(kr) + 3r Ix(kr)} +  i {krIx(kr) + I0 (kr)}
.2 dzi dz2

+ F2 (kr) ,  

dA

d 2A + — /0 (kr)\ i
dt2 CO dt2

+ — {k r l ](kr) + 210(kr)}
co dz\dt\ co

-  ß,  ±  fj ( k r ) ------1 —  { k /„ (kr) + /, (kr) ^ - } c z ß , A ,
CO ft)/] (k) [ dr  J

/ J

V>3
(2) __ ß 2

k K x (k) 

kr K 1 (£r)

— {r A'] (*r) (1 + 2 k K a + 2k la) -  K0 (kr) kr2}
dzi

dA 1 d 2A
 ̂dz2 o) + y (z1,z 2;^ .^ 2 ) ^ o ( ^ ) e lB + c.c.,

(5.21)

(5.22)

(5.23)
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Fiikr) — -  ic\ \ I\(kr) V(kr) + ~ ~ ~ ~ \  + 1 “ TTTT^ cuz A + c.c., 
[ k r l 0 (kr) J I](k)

(5.24)
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and J(z\ ,Z2, t 1, t2) in (5.23) is an arbitrary solution which will be determined from the boundary conditions. 
The boundary conditions at r = 1 are

drj2
d to

+ w3r - - H d2A
a dz\ dtx

— ico~* + ^r~ + i(0 Qi \A \2 A + i{coq6 ( k l a -  1) + kc uz(\)} A
dtt  dt

■ e ,n + c.c. + M8,

- ^ ( A - f t )
dzodr

+ h3 r

(5.25)

(ß\ ~ ß i )  

p'i+ riji + r

- a . d2A i d 2A | dA 
“ dz2 CO dZ] 3/i dz2

+ i k Q 2 \A\ A + ik{chz( l )~  q6q4} A el° + c.c., (5.26)

f t ^ + A ^
OZo

r ß l  Ka 1 d2A
CO dti dz\

+ {Q?,AA + <?6<75 + r ß\ k l a chz( 1)} A

— 1 + K„ I — + Ka + / a

e'° + c.c.,

where

a  = 2q\ (1 -  k If,) + q3(k Ia + 1) + (3k2 + 2 — k Ia)

Q i ~ ~  ß i 2q1( \ + k K h) + q , ( k K a - \ )  + U ? , k 1 + 2 + k K a) ß\ öl>

2 [ 3

(5.27)

(5.28)

(5.29)

(5.30)

- r k 2 12 [ f t2f t  (1 -  KaKh) + ß?q,  (1 -  I M ]  + ( f t  -  I  j  ( f t2 -  f t2) + j  k ( f t2*:,, + ß l l a ) |  -  3 f t  + 6)

Mg = - { ( 1  + A) Vg -  a) (/„  -  2*)) 
dfi 9zi

(5.31)

q = {vj v2- r ß?  + r/2)} -1

with

<73 = * I  a -  J  -  <7l >

- 2c oT ßf la  [ 1 -  — Vg
CO

+ A{ ( \  + X)VR-co(Ia - 2 k ) } AA.

<?4 -  ß i  (k Ka + 1) + ß] (k Ia -  1),

q5 = - c o 2 -  T  {k2( ß l  -  ß \ )  -  3},

46 = A|y4|2 - C 7,.

In the above equations cuz( 1) and chz( 1) are the values 
of cuz and chz, respectively, at r =  1.

The boundary condition (5.25) furnishes

bur= M s (5.32)

from which cr is determined as 

c., = qAÄ,

Now if we put 773 = a^e '6 + br]+ , and aur from 
(5.21) into (5.25), we find that

a „ = i ( \ - k l a ) ^ ^ - - ( l a +  k )
1 3 2A

k dz2 

i dA 1 f  j „
------------- w COl„ ----— +

2k dzf

co dt2 co2 ^ “ 3^! dt] d t2

+ ± F 2(k) + {q6(kI a - \ )  + Q]\A\2}A
CO

+ - c „ z( l)/ l .
CO

(5.33)



If we substitute from (5.33) into (5.26), J(z \ , z2, t\, t2) 
in (5.23) is determ ined as
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J  =  - i ( 3  +  2 k K a) ( K a + Ia) j : .  2
dz

+ k ( K a + Ia)

1  £ a

2 5 ^

dA 1 d 2A } i d zA
dz2 w  dt\ J co dt\

• k d 2A , k dA-  I —5----- =- H----------
co atf  co dt2

+ ik L ,  IA |2 + q6 k ( K a -Ha) + ^  cul (1)1 A 

- - F 2 « 0 , (5.34)
CO

where
Qi -  2<7i (1 -  k Ih) + 2q2 (1 + k Kh)

+ [ q , - ± ] k ( K a + l a).

Substituting from  (5.20), (5.22), (5.23), (5.33), and 
(5.34) into the boundary condition (5.27), we finally ob­
tain the nonlinear Schrödinger equation

dt2 ' 'g dz7
+ P < L A = Q A 2A,

where

P =
2 dk 

k
Q =

2 col,,
Q , +  r f l - i v j 2 4j3,2®2 - j j p r -

V co A I \ ( k )

+ r2ia(vgco -  ß h n  ^  + r f c k K a q i - r Q x

+ (A -  q) [ T  {k ß 2Ka(K a + l a) ~  k l a + 1} + q$\

(5.37)

It is known that the modulational instability is char­
acterized by the criterion PQ < 0, which yields the val­
ue of the wave number km at which the instability oc­
curs. Such a criterion depends upon ß x and ß 2. In Figs. 
1 and 2 we show the stability regions in the ß x -  k plane 
when ß 2 is equal to 0.6 and 0.8, respectively. Here, ß x 
can only take the values for ß 2 < \  + ß 2. In Fig. 3, when 
ßi  = 0.8, the region of stability in the ß 2 - k  plane is 
shown when ß^ varies from 0.3 to 1.3. Since P is posi­
tive when jß] > 0.7, the stability depends on the sign of 
Q. We observe that there are two branches of the curve
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Fig. 3. Stability regions (shaded) in the case ß { = 0.8
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<2 = 0. These branches are lying above the linear curve, 
forming two unstable regions and one stable region, 
which forms a band. The stable region, which is shad­
ed, decreases with the increase of k.

Appendix

The first-order problem for O (e) is
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Boundary conditions on r = 1:

drjx

r dr dzo

r dr dzo

dt0 dzo

+ VqPi + r ß\ ez x  (V0 x  A,) =  0.
3m,
dt0

Boundary conditions on r=  1:

dt0

( A - A )  v L +
OZq

P \ +  T r j i + r ß
dip]

= 0
1 dzo 1

The second-order problem for 0 ( e 2) is 

1 3 x . du2z 3u,z
(~ 2 r ) + ^ -  =  -  .  .r dr dzo dz\

i  ■$- (rh2r) + ,
r dr dzo 3z,

a*2 3«2. =  _ ^ a .  + f i
3f0

—— + V0 p 2 + r  ß \ e z x  (F 0 x A 2) 
dt0

= _ * < l _ | e l  r A  x ( r 0 x i , )
3r, 3z,

drj2 _ d r i { duXr
“2r -  ^ --- --  “T T  + ?7l T —

dr0 dfj dr 3z0
(A. 12)

( f t - A )
VZO

= djlL 
dz0

dr

T dip]~ d2lpi T

1  3z0 -
-Th . 3r2 ..

(A .l)

(A.2)

(A.3)

(A.4)

(A.5)

+ (A  -  f t )  ^
dz,

(A. 13)

P2 + rr)2 + r  

- r

ß
d\p2 _ M

dr1 3z0

U ^ L ] \ 2 ß ^ L ^ l  
1 2  V dr J dr dzo

Vi

+ ß 2 

+ r

dru Y 

d z o )
+ ß

3z03r n 3z,
) 1
J 2 l dzo J J

|  Vl -  ß\ Chz (A. 14)

The third-order problem for 0 ( e  ) is 

dui,
dtn

+ P3+ ^  ß\ ez x  (^o x ^3)

T 3 ^ i '
1  3r .

= 0 (A.6) 3m, 3m 2 ' dp] + 3 P l)
dt2 dt\ ydz2 &> J

(A.7)

(A.8) 

(A.9)

-  r h x x  (F 0 x A2) -  r h 2 x  (F 0 x  A,)

-  (a, - V ) u 2 -  (u2 - V ) u \ -  U\z ^ L
dz\

e7 — x h 2 
Z dzi

dhL + ß i duL 
dzo dt] 3z,

+ (A, • V7) m, -  (m, - V)h \ ,  (A.10)

- r ß : ez x \ e z — x h ]

~  F h ' x I ez x Ä| ] ’ (A. 15)

+ ß\
du 1
3z2

dh]

3A,
dt2

du
dz\

dh2 
dtI

3m , 

3zi

-  (a, • 7 )  m, -  r ß ]  ez x I ez —  x A, | .

(A. 11)

-  uXz —  ̂+ (A, • F ) m2 + (*2 • F ) “ 1 
dzi

- ( 11, V ) h 2 - ( u 2 - V ) h l ,

X _3_ ^   ̂_j_ du3z _ _ du\z  ̂ du2z 
r dr  3Zo 3z2 3z,

(A. 16) 

(A. 17)
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1  JL ( rh \ + _  _  d k _ dhg^
r d r ( 3rJ 3*0 3z2 3zi

(A. 18)

Boundary conditions on r -  1:

_5ZZl = ^!2L + 5ZZl_
' r 3r0 3f2 Bt\

1 «2 9 2«ir , 3r/i 
~ 2 d r2 3z0

3r
dglr
3r

f ^ Z i  + ^ZZl 
13zi 3z0 .

uh

(A.19)

( f t - A ) | 2 i +
OZo

= 3771

3z0

3t/4( 2)

3r +  ^3 r

f dlp2
+ V\

3 > i + d\p\ n
V . dzo . _3z03r_ _ <ki . j j

+ (ß\ ~ ßl) f a » . + 322.') + *3l \ 3 ^ i T

U 2 dzi 3 z, . 3zo 1

d m
dzo

nL
2

3 ^ i
I  3^0 1  

d > i  
dr3

-*?i

- r j 2

dr2
d h h
dr2

+ ^ h- c la, (A.20) 
1) 3zq

P3 + Tr}3 + T A M i +/3lA:l2
3z0

dr

+ 2 / 3

dr2
3^1 

1 3r

3p 2 
dr

d2ij>\ , dxp2 \  
dr J

3> 1  „ , ^ 2  I 377, 
2“ ^l +

3 rJ 3r dzc

T 37h , 377/ 3 ^ i 3i/;i 3*711
I 3z0 dr dz0 dzo]

I 2 1^2 3t?i f drj2 | 3?7! 'j ^  3 ^  j 3 ^  

3zo I  3z0 3z,

1 3 > i  „2 
------------2"*?1 + ~ ~ rl\ +

dz0 {dzo  

d2ljJ2
2 dzo dr dz\ dr dzo dr V\

d2ipt d\b2 3 Mi
+ — —  772 + ——  + —LL 

dzo dr 3z\ 3Z2
N-n

3^1 3^2  , 3^1 , 3^2  
3z0 Idzo^r dz\ dz0 J1

(A.21)

+ r 3t7i772 -  2rj\ -  ß x ^  77, + c fe 
or ozq
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