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The method of multiple scales is used to analyse the nonlinear propagation of waves on the surface

of a fluid column in the presence of a magnetic field. The evolution of the amplitude is governed by a
nonlinear Schrodinger equation which gives the criterion for modulational instability. Numerical results

are given in graphical form
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1. Introduction

The stability of a cylindrical column of fluid (the
‘plasma’) with an axial magnetic field has often been
investigated. In particular, it has been shown that,
when the plasma is confined between conducting
walls, the presence of an axial magnetic field can,
under suitable circumstances, stabilize the pinch. The
simplest of the so-called pinch configurations consists
of a cylindrical column of fluid (the ‘plasma’), inside
of which a uniform axial magnetic field is present
while outside there is a similar field together with a
circumferential field falling off as inverse of the radi-
al distance from the axis of the cylinder. In the usual
arrangements, the column fluid is surrounded by a
concentric conducting wall. Configurations of this
kind are achieved in the laboratory by sending a high
current through a fluid column by means of a dis-
charge. The axial current produces a transverse mag-
netic field which ‘pinches’ the column of fluid into a
configuration which is idealized in the discription in
the present work.

The linear analysis of this problem was investigated
earlier by Chandrasekhar [1], while the second harmon-
ic resonance of it was investigated by Lee [2]. In this
paper we study the nonlinear instability of such a fluid
column. The inclusion of nonlinear terms results in am-
plitude modulation. In various problem of interest it has
been shown that the long-time slow modulation of the
wave amplitude is governed by a nonlinear Schrodinger
equation.

The evolution of wave packets on the surface of a
fluid column has been investigated by a number of

workers. Singh and Malik [3] investigated the weakly
nonlinear breakup of a jet held together by capillary
forces in the presence of an applied electric field, us-
ing the method of strained coordinates, while Trehan
and Lardner [4] discussed the effect of a uniform mag-
netic field on the nonlinear conditions of stability of a
magnetohydrodynamic jet by the method of multiple
scales. The method of multiple scales was very suc-
cessfully used by Hasimoto and Ono [5] to derive a
single equation describing the long-time evolution of
the envelope of a packet of plane finite amplitude
gravity waves. In the present work we develop, by the
multiple scale method the nonlinear Schrodinger equa-
tion describing the evolution of a finite amplitude
wave packet on a fluid surface in the presence of an
axial magnetic field with a transverse field. This meth-
od was used by Kakutani et al. [6] (see also [7, 8, 9])
to study nonlinear capillary waves on the surface of a
liquid column. The method of multiple scales was also
used by Khosla and Chhabra [10] to describe the non-
linear resonant interaction on a magnetohydrodynam-
ic jet, and by Chhabra and Trehan [11] to examine
weakly nonlinear progressive waves in a self gravitat-
ing fluid column in the presence of a uniform axial
magnetic field.

The basic equations with the accompanying boundary
conditions are given in Section 2. The first order theory
and the linear dispersion relation are obtained in Sec-
tion 3. In Sect. 4 we have derived second order solu-
tions. In Sect. 5, the third order theory and the nonline-
ar Schrodinger equation governing the amplitude mod-
ulation are given. Finally some numerical examples are
presented in graphical forms.
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2. Basic Equations

We consider axisymmetric wave motion on the sur-
face of a fluid column whose density is g. Let R, be the
radius of the fluid column and R; that of the encircling
wall. The superscripts (1) and (2) refer to quantities in-
side and outside of the jet, respectively. The magnetic
permeability is denoted by p. We use cylindrical coor-
dinates (r, ¢, z). Let n(z, t) denote the elevation of the
free surface measured from the unperturbed level
r=Ry. The motion is assumed to be irrotational. If u
and h denote velocity field and the magnetic field inside
the fluid column, respectively, at any time ¢, then the
equations holding at r < Ry + 1 are

U uVyu=-Lvpo B hxWxh,
ot 0 4mo

2.1)
M h-Vyu--Vyh, 2.2)
ot
V.u=0, (2.3)
V- =0, 2.4)

and at r> Ry + 11 we have

V-h?=0. 2.5)

The unit normal n to the surface is given by

1 1
VF 5) =5 o) Y
=—=-1 Z+1) 2 + +1) 2 s
n= D) e @i eD) Te

(2.6)
where F =0 is the equation of the surface of the fluid

column. The condition that the interface is moving with
the fluid leads to

m_,

ot 0z
The normal component of the magnetic field is contin-
uous at the deformed surface of the fluid column, so that

n-[h]=0 at (2.8)

at r=Ry+7. 2.7

r=R0+ 77,

where [ ] represents the jump across the surface of the
fluid column, i.e., [h] = h® — V. At the free surface,
the normal stress is continuous:

ng[pl-ngMysl=0 at r=Ry+n, (2.9

where n,, is the unit normal vector given by (2.6) and p
is the pressure. The force M,z of magnetic origin is

1
M(lﬁ =u (h(lhl)’ - E 6(1[)’ hy hy) B (210)
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where .4 is the Kronecker delta. Let H, and H, denote
the strengths of the axial magnetic field inside and out-
side of the column, respectively, and let the transverse
o-field be

Hq, = H()Ro/l'.

The fact that the magnetic fields is discontinuous at
r = Ry means that there is a current sheet of strength

Js= L {
4
on the surface. Furthermore, in the stationary state, the
continuity of the normal stress across the surface of the
fluid requires that the constant pressure p, inside the
fluid is given by

(Hi-Hy)ey,+ Hpe,},

Po=%(H3+H22—H12)' 2.11)

It will be convenient to express H, and H, in terms of
Ho. Let

H\=BHy, and H,=[},H,.

An inequality which must hold in virtue of (2.11) is
1+ 632 p1.

All quantities are normalised with respect to the char-
acteristic length R, the radius of the undisturbed jet,

and 1/+/0 Ry . The magnetic fields are expressed as

o))
. _,
Hy

3

h(2)

=-V r(2)+le.
HO u r &

Therefore,

Vi@ =0, 1+n<r<R,/R,. (2.12)

To investigate the modulation of a weakly nonlinear
wave with narrow band width spectrum, we employ the
method of multiple scales by introducing the variables

z,=€"z and t,=¢€"t (n=0,1,2,3),

and letting

3
N )=y €,(20 21, 223 to. 11 1) + O (&%),

n=1
2.13)
3
u(r,z,t)="Y, €"u,(r; 20,21, 22; o, 11, 1)

n=1

+0(eYh, (2.14)
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3
p(rz.t)=Y €"p,(r;z0. 21, 223 o, 11, 12)
n=1

+0(eh, (2.15)

3
h(r,z,0)= P+ Y, €"h,(r; 20, 71, 22310, 11, 1

n=1

+0(eh, (2.16)

3
2 2. .
YB(r,n=Y "yP(r;20. 202210, 11 1)
n=0

+0(eh, (2.17)
where the small parameter ¢ characterizes the steep-
ness ratio of the wave. The short scale z, and fast scale
to denote, respectively, the wave length and the fre-
quency of the wave. Here, t, and ¢, represent the slow
temporal scales of the phase and amplitude, respec-
tively, whereas the long scales z;, z, stand for the spa-
tial modulations of the phase and the amplitude. The
expansions (2.13) to (2.17) are assumed to be uniform-
ly valid for —eo < z< 0 and 0 < ¢ < . The quantities
appearing in (2.1) to (2.3) and the boundary conditions
(2.7) to (2.9) can now be expressed in Maclaurin Se-
ries expansions around r = 1. Then, we use (2.13) to
(2.17) and equate the coefficients of equal powers in &
to obtain the linear and successive nonlinear partial
differential equations of various orders (see Appen-
dix). The hierarchy of equations for each order can be
derived with the knowledge of the solutions for the
previous order.

3. Linear Theory

Substituting the expansions given by (2.13) to (2.17)
into the field equations (2.1) to (2.3) and boundary con-
ditions (2.7) to (2.9), and equating terms of equal pow-
ers of € on both sides of the equation, we obtain the fol-
lowing set of equations and boundary conditions to or-
der &. The zeroth order solution yields

Y =~ Bz

The velocity field and the magnetic field are derived
from potential fields ¢, and y{" so that u; = V,¢,, and
hy =— Voy(?, where V, = e,0/0r + e,0/dz,, and so we
take

3.1

Y5 = - Bizo.
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Therefore, inside of the fluid column, (A.1)—(A.4) re-
duce to

Vs 9:=0, (€¥)
Vs yiP=0, 3.3)
i o 99
——+ B, —==0, 34
ato ﬁl aZ() ( )
P+ % =0. 3.5)
dt
Outside of the fluid column we solve
v yi=0.
And the boundary conditions (A.5)—(A.7) reduce to
oan  9¢
——-——L-=0 at r=1, 3.6
=TI T 3.6)
Y, an [[ 9y ]]
— |- = || =—||=0 at r=1, (3.7
ar 1™ 3z L3z =k

p1+Fn1+F[]:ﬂaa%:|]=O, at r=1, (3.8)
0

where
2 2
Vg = _@_2_ Ee l _a_ + a_ ]
or® rdr 0z
and I'is the magnetic parameter defined by I'= RyHg 11/
4. We obtain following solutions:

(3.9)

m =A(Z],Z2; t, [2) exp(i9)+c.c., (310)

G=—i o Iokn) A(zy, 2251, 1) exp(iB) +c.c.,

k Li(k)
(3.11)
y;f”:—iﬁlMA(z,,z2;t1,t2)exp(i6)+c.c“
1 (k)
(3:12)
wl(Z) =if, %l((kTr)) A(zy, 2031, 1) exp (i0) + c.c.,
(3.13)
2 Jo(kr) ’
w” Ip
=9 20" A(z, 2031, t 0)+c.c.,
v L (21, 22311, 1) exp(i6) + c.c
(3.14)
where
6=kZ0—wt0.

Here, k and w stand for the wavenumber and the fre-
quency of the centre of the wave packet, respectively.
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The progressive solutions (3.10)—(3.14) lead to the dis-
persion relation

w?=-X rp-pik, - p1,), (3.15)
where
_K®) D) (3.16)

4. Second Order Solutions

Since our aim is to study the amplitude modulation
when w? > 0, we now proceed to the second order prob-
lem in 0(82). With the use of the first order solutions
given by (3.10) to (3.14), we obtain the equations for the
second order problem. If we put

u2 = V¢2 + Cuz(r; 21 ZZ; tlv t2) ezv
1 , v
== VY5 + cp(ri 21, 23 1, ) €,

where

3
Vo, =Vop, + a—f‘ e, (p=¢.9"),
1

we obtain the equations

Io(kr) 0A
V2 =—2w AQANT ) 0 ]
002 1.(6) 32 —exp(if)+cc., (4.1)
V 1) _ _2k IO(kr) 0A ) 4
%) B 1) alexp(z )+c.c. (4.2)
(1)
Yy’ ﬁ _.ﬁl Io(kr)(ga_A_*_a_AJ
dty Lik) \k 0z of
-exp(i0) + c.c., 4.3)
9 _wl(kr) 0A o
P2t o Tk L) oy 212(K)
(13 (kr) (Ae? + Ae™ )2 — I (kr)

(Aei - Aem 0y
— P {Biey— ¢, G 22085, B,

V3 yd) =2k g, Kok 04 o i)+, 4.4)

K (k) 9z
and the boundary conditions at r =1
ﬂ 905 A (i) + i (2R, ~ 1)
ar a ]

exp(2i9) +c.c., 4.5)
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i‘&ﬂ _9m Mﬂ: _ By OA o
ar U™ g L3z, =P P25
—ki{2k(Bi 1, + B2 Ko) + B2 - Bi}
Aexp(2i0) +c.c., (4.6)

po+ Tno+ T p 22 [ = ir gk, + i1
20
_9A i
821 ¢
— BEUZ-3)1k* +3}] A%
+{IA—>(I2+ 1)} AA + c.c.— T Bicy,, (4.7)

+%[—2w2+F{[ﬁ%(K3—3)

where
A=[{B3(KZ-1)-BrU2-1)}k*+3]

2
w 2
-—1=1)). (4.8)

T ( )
The non secularity conditions for the existence of a uni-
formly valid solution are

B+V8A =0

4.9
all aZl ( )

and its complex conjugate relation. The group velocity
of the wave is given by

_do_ 1

2 | (4.10)
e ik 2w,

1
{ 2la (Lz”‘[:'f"k—z
+ 2+ B3k (K2 -1)- B2 k> (12 - 1)]}.

The equation (4.10) shows that in the second order
theory, the amplitude A is constant in a frame of
reference moving with the group velocity V, of the
waves.

Equations (4.1) to (4.7) furnish the second order so-
lutions

7]2=—i[1

5 (k I, - % — g ) A2 exp(2i6)

O0A [ 1 0A ) i
aZ] (] atl

+ec.+ AMAP —c,(z, 2231, 1), @1l
b= rly(kr) a_Aem
k1 (k) 0z
0, 1y (2kr) A2e20 4 o (4.12)

kl,(2k)
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w__B
= kI (k)
[{ kr Iy (kr) - lo(kr)}—_lo(k rk g?} i0
1
o Ip(2k ,
+ifiq %Aze2 04 cc., (4.13)
’/’(2)=L — krKy(kr) 24+ Ky (kr)
PRk () o2
k 0A (| io
1+kK,+kl,) —+——
{(4_ ¥ )azl+watl};]e
. Ko(2k ,.
+ifrgn %z‘\ze2 Ovcec, (419

. 0A dA | o
P2 lkl](k){ wrh( ’)az +1o( r)at,}e

& [{1} (kr) - I? (kr)} A%e?

211 (k)
2 ol | Jo2kn)
+2{I2 (kr) + IE (kr)} AA] - 20%q Sy
A% v cc.— T (Bicn— ) (4.14a)

5. Third Order Solutions
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where
k 202
m— . 4
q D(2w,2k){ A+T4k"By (K, + 1) Ky},
(4.15)
__ k 7  p2p2, 2
4= D(2w,2k)[ A+{4l,(-Tk"B; + w)
+2Tk} (K, + 1)1, (4.16)
DQw,2k)=
—Zk{l 2‘/‘: +I“(1—2k,32K,,—2kﬁ’11,,)}
4.17)
A=w*(B-12)-T{B3(K;-3)
- BEI2-3)} k2 -2kI, +4], (4.18)
_ K@k 1k @.19)
K (2k) 1, (2k)

We have assumed that D (2w, 2k) # 0. The case when
D (2w, 2k) =0 corresponds to the case of the second
harmonic resonance.

We now proceed to the third order problem in O (g?). The third-order problem becomes

duy, . I}
3 Or

ah} ahq i
_r 3r 9 |
ﬁ’[az() or ] I,(k)

+ Fﬁ, {[krlo(kr) + I,(kr)] + I (kr) (

l

{twll(kr)—+a)r1 (kr)

k 9°A +ik—a—A—
w at]aZ] aZQ

{kwcuzll(kr) kﬁ]I"lo(kr)a } :!ei“)+c.c.,

1321

6.1
duy, . Ips (aA o E)A) ’A  w 9*A
8,098 @O —irl (k O L
ato +az0 I, (k) ToCkr) 8t2 k 822 rh(kr) 8t|8zl oz k 8212
{ kwcuzlo(kr)+1,(kr) (wc,,z+kﬁ1 rc,,z)} }ei()+c.c.+M2, (5.2)
a)
ohy duz Bi
ar._ 3 = _ Io(k kr I (kr) + I, (k
3 Bi 3, ]l(k){w’ o( r) +{ rly(kr)+ 1y (kr)} tlazl
PG| LA ka—A+ i | _kLkr)c,Alef+cc, 5.3)
a ¢ atz aZZ ¢ '
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ah} ﬁl 8u;, —_ ﬁl
929 1, (k)

9%A
atlaZ]

{— k Iy (kr) i’tﬁ ke I Gy + 315 CREY)

+lo(kr)[ kA, 0A j+t—{kr1](kr)+10(kr)}—

a— 822 2]
=i {k Io(kr) c, + Iy (kr) —afi} A:| e +ce.+ My, (5.4)
r
18 g,y S0 {Io(kr)+krll(kr)}———klo(kr)— ¢+ c.c.+ Ms, (5.5)
ror dzg  kI,(k) 92,
10 ohy, _ P i 9’A
29 rhp )b = 21 (kr) + kr I (kr ——kl S N B
rar(r 3r) s 10 i{21y(kr) + kr I, (kr)} o(kr) az2 o Bt
-exp(if) + c.c.+ Mg, (5.6)
V3 y® =L | i kkr 342k, +2k1)+2er](kr)} +2kK0(k)(—-———i-—azA)
e K, (k) dz; ® 9z;0f
-exp (i0) + c.c., 5.7
where
i = ————12k1k+12k1k A%Ae"
P3=p3 11(2k)11(k){ 1(2kr) Iy (kr) + 1o (2kr) Iy (kr)} e
2iw? { 1 aA 0A T
+————<krly(kr) I kr)+ Iy (kr }[ —A), 5.8
K20 o(kr) I ( 3 (kr) e % (5.8)
dc dc ac
- hz__l’)_ w 59
2 (/371 T 2, (5.9
_ doy, A ( k ) k By
= + +2w|1-=YV, I (kr)+ 15 (kr)} —

T B 2, 0 E)T (k){ £ (kr) + 1§ ( r)} (5.10)
e, =kcg+Lc =D ppe. Do (5.11a, b, ¢)
z uz ﬁl hz» 5 aZ] 5 6 aZI s ) . b,

We seek a solution of these equations in the form
Uy, =ayy €+ by + ..., u3z=auzei()+buz+...,
hgrzah,em+bh,+..., hgz:ahzei(}+bhz+
pi=ayel+b,+...; (5.12)

where ... indicates non-secular producing terms. The term independent of 6 leads to the equations
M2=O M4=0 (5138, b)

14 -
;_r(rbur) Ms, -;E(rbh,)—Mf,, (5.14a, b)

from which ¢, and ¢, can be determined. If we assume that these two quantities depend on z; and #; only through
the combination of z; — V,t;, we obtain

2 -
Cu A[rc Vo+ T 1“;'[1') (1 CI;Vg){I]Z(kr)+I§(kr)}AA} (5.15)
20 kV, _
Ch::i[_rﬁlcp_%(l—ivg){1,2(kr)+1§(kr)}AA}, (5.16)
1] (k) w

where A = V oy
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From (5.14) we can solve for b,, and by,. Using (5.11b, c) and (5.15-16), we obtain

VF ac 2a)ﬁ1
=
2A aZl All (k)

Bir aCI, 2w B Vg( )BAA
b, ="—"——"r+——-= 1——V —= I, (kr) Iy(k
"=0A 22 rt AL )5 1(kr) Io(kr) .

B = (1 vg) OAA I (kry 1o (kr),
w 0z

If we substitute (5.12) into third order equations (5.1-4), we obtain differential equations for a,,, a,, etc. which lead
to an equation for a,, by eliminating other variables. The solution a,, is found to be

a,=— 5 Il(k) |:{r2k Io(kr)+ r 1 (kr)} —+ i2kr I (kr) ——2—] + F (kr)+ay Iy (kr), (5.17)
where

F (kr) = Iy (kr) {I? (kr) + 13 (kr) + V(kr)} c;A%A — T{Io(kr)kc,,z+ I (kr) —L}

I or

and V/(kr) is defined by the equation

ﬂ: L(kr) —k 12 k [2 k Il(kr)

i _—rlg(kr) {1g (kr)+ 15 ( r)}_lo(kr)’ (5.18)
and

kr 2 3,22
Ltkr) = [ {12 (x) + I2(x))? xdx, =(1_£v) Aok Bl (5.19a, b)
(kr) £{o(x)+ t)Pxdx, ¢ 2 %) BB AT

The constant a, in (5.17) is due to the homogeneous solution, and since the solution involving a; will vanish
when it is substituted into the boundary condition at the free surface, it is set equal to zero. The remaining a's can
be expressed in terms of a,,. In the following we record a’s which are needed in the subsequent analysis:

N X o N o A

ap kll(k)|: K {kr<Iy(kr) rl,(kr)} -1 P {=krI(kr)+ Iy(kr)} iy (5.20)
+ (k) =2 g i) 37’:] ¥ % B = {wk To(kr) e = k) - (e Bk T+ cuza»} A

e L[ {rl"(k')“zk’l("’)}—ﬂ k”o(kr)+11(kr)}_]+F2(kr) (5.21)
k1 (k)

ay, = B [ {(kr? +2) Iy(kr) + 3r11(kr)} + if{kr I (kr) + Iy (kr)}

1,(k)
%A 1 324
I kr —_— ==
S w1 )( o, +w o H

{k Io(kr) + Iy (kr) 58;} c. B A, (5.22)

2

+ Lk 1 (k) + 21 (k)
w

—/31 — F(kr) - I,(k)

§2>_%[ {r Ky (kr) (14 2k K+ 2k 1,) - KO(kr)krz}a;A

ko) B~ L EA T e men g Ko(kr) |+ c.c., (5.23)
aZZ w aZ] atl
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where

. L(k kI (k
Fy(kr)y=—-ic {Il (kr) V(kr) + P 1(0 (;c)r)} +1i 111((k)r) Cyz A¥ T, (5.24)

and J(z;, 205 11, I2) in (5.23) is an arbitrary solution which will be determined from the boundary conditions.
The boundary conditions at r = 1 are

) [ 92 o1 92 . .
—£+u3,=_—zlu a‘;({;ﬁ —iw laa—lAJrg—/Z-Hle|A|2A+z{wq6(k1a—1)+kc,,z(1)}A}
e+ co.+ Mg, (5.25)
ayf” J
[—153—+th = ([31 B2)
-
. 2 .
| (B~ fsa)( ; aA—ia—+i‘—J+isz|A|2A+ik{chz<1)—q6q4}A e+, (5.26)
“ 9z woyoy 9z
, Y3 2 1 9%A [ ( )] %A .., O0A
I+ | By S+ Bihs, |=| -T2 1K, — ~1+K, K,+1, K, 22
p3timnt+ [/52 %20 + B 3z:l { ﬁz{ o 85, 9z, + k+ + le +1 %
+{Q3AA + qeqs+ T B k1, cp, (1)) A] e+ ce., (5.27)
where
0= [2q1(1—k1b)+qq(kl T8 T | (3k2+2 kl)} (5.28)
Qo——ﬂ2[2q2(l+kK,,)+q;(kK e (3k2+2+kK)] B0, (5.29)
0y =’ {%k1u+ 1 —q1(21a1,,—3)} (5.30)
- r{k2 {2 [B3q2 (1 - K,Kp) + Biar (1= L, Ip)]+ (q3 - %) (B - B+ % k(BIK, + ﬁ%la)} -3g3+ 6)]
Mg=-— aat {1+ M) V-0, oK)} 9AA a q=1{Vy(Vg - T B + I12)}”!
1 2]
(5.31) ~[—2wF[3121u [1—£vg)
w
with
q3:k1u_%_ql, +A{(1+)L)Vg—a)(1a—2k)}}AA
q4a=Pr(k K+ D+ By (K1, =1, Now if we put 1= a,,e +b +..., and a,, from
gs=-w’ - T{k*(B3 - BD) -3}, (5.21) into (5.25), we find that
ge=AlAP = c,. 1 94 1 224

a,7=i(1 k])—a—z——(l )

5.2
In the above equations c,,(1) and ¢;,(1) are the values 2k 0z

of ¢,, and c,,, respectively, at r = 1. i 0A L( / 9%A £ 2’A j
The boundary condition (5.25) furnishes w oty w* ¢ dz; oty aﬁz
b= Mg (532) + = Fy(k) +{g(k I, - 1)+ QAP }A
w

from which ¢, is determined as

) +k . qa. (5.33)
¢p = qAA, w
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If we substitute from (5.33) into (5.26), J (23, 205 11, 1)
in (5.23) is determined as

J=—i(3+2kK,) (K, + 1)+ a_g‘
2]
i 9%A i 9’A
k(K,+1,)| 22 - L -L
+(+)h2w%%Jw%%
k 9%A _ k 0A

% ik{q7|A|2+ ge k(K + la)+ﬁcuz(1)}A
w
_* gw, (5.34)
w
where
q1=2q(1—klp)+2q,(1+k K})
e (qx_—;_’)k(Ka + la)

Substituting from (5.20), (5.22), (5.23), (5.33), and
(5.34) into the boundary condition (5.27), we finally ob-
tain the nonlinear Schrodinger equation

(8A+V aAj p A QAR

o, %oz oz}
where
P:l%, (5.36)
2 dk
CL(k)
= I“(l——V) 4B2w?
0= 2wl [Q“’ Pio” 2o

+I21,(Vy0 - ﬁﬁkr)%+ I'B3kK,q,-T'Q

+(A-q)[I'{kBiK, (K, + Ia)_k1a+1}+q5]:|-
(5.37)

It is known that the modulational instability is char-
acterized by the criterion PQ < 0, which yields the val-
ue of the wave number k,, at which the instability oc-
curs. Such a criterion depends upon S, and f3,. In Figs.
1 and 2 we show the stability regions in the f3; — k plane
when f, is equal to 0.6 and 0.8, respectively. Here, 3
can only take the values for 87 < 1 + f82. In Fig. 3, when
B = 0.8, the region of stability in the S, —k plane is
shown when f3, varies from 0.3 to 1.3. Since P is posi-
tive when f3; > 0.7, the stability depends on the sign of
Q. We observe that there are two branches of the curve
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Q = 0. These branches are lying above the linear curve,
forming two unstable regions and one stable region,
which forms a band. The stable region, which is shad-
ed, decreases with the increase of k.

Appendix

The first-order problem for O (¢) is

li(rul,)+au#—0,

= A.l
r or 9zo kel
L9 () + P4z o, (A2)
r or 07
ah] aul
— - —=0, A3
3, B - (A.3)
%‘t‘—l+v0p,+r/31 e, x(Vox ) =0. (A4
0
Boundary conditions on r=1:
gy T, (A.5)
at
(B2 B aﬂ{[%ﬂ =0 (A6)
aZQ or
pi+ Iy +F[[/3 Qﬂ]]= 0 (A7)
aZ()
The second-order problem for 0(82) is
1 d a"‘2z a”‘lz
19 g 54 9% 9 A8
ror (rtipr) + 9z 9z, (A-8)
19 o, ohy,
19 )+ S22 A9
rar(rz) 2% 2 (A.9)
8h2 auz ahl aul
Sothd el 2 e i o hbed 8
At hi 3z on Ay 3z,

+ (- V)uy - (uy - V) by, (A.10)

£)u—z+V0p2+I_‘/:')’l(,’ZX(V()Xhz)

dty
du; dp
=—— - e.-T'hlhx(Voyxh
TR e, 1 X (Vo xhy)
—(ul-V)ul—Fﬂlezx[ezixhl)
azl

(A.11)

Boundary conditions on r = 1:

ony _om . 9w, _Omy

u2'_810 3, ) 5 %um (A.12)
_gy I Mﬂ
(Br- By 32 + >,
_9m Mﬂ_ Hazlplﬂ a0
22, |L 3z m|| 3,2 +(Bi-P2) =
(A.13)

d )
P2+Fnz+rﬂiﬁ‘w‘2]]=—‘pl‘ﬂl
aZo ar
_rflL M)z 2 9%
r[[Z[ ar 0
om ¥ (9 3 Ay \
+ﬁz(ﬂj +,3( v n]+_ﬂ)_L(_ﬂﬂ]
a7 0z¢dr 7 2\ 9zg

ar 820
+F[§n?—ﬁl%] (A.14)

The third-order problem for o) is

)
%+V0P3+Fﬁlezx(vo><h3)

Iy
__%_%_(mﬁf;je
822 azl
—T'hyx (Voyxhy)—T'hyx (Vyxhy)

-
Z

— (- Vyuy —(uy-Vyuy —uy, ?)ﬂ
2]

)
—Fﬁlezx(ez—xhzj

le
- [3)] ez>< ez Xh]

822
—Fh]x(ez —a—xh,j, (A.15)

azl

oy ' 0z Oty o

e ﬂl [Qﬂ._*_ aﬂj.;. h]z aul
aZ,Z aZl aZ]

Oy dus by Ol

- uy, —aﬁ—+(h1~V)u2+(h2~V)u]
aZ]

—(u-Vyhy—(uy- V) hy, (A.16)
1 a au?v aul auz,
o R ST %
ror Kt dzg dzy 9z ( )
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1 a ah‘g = ahlz ahzz a (2) a
Pl zoZ T 0y e A ;0 Tl =_%m
Boundary conditions on r = 1: p 3*p i oy, (. *y, oy,
T e 2 e e e
iy M _9m O Oy . O, J ror
T3 o, oy ar 7 or Py, vy, \om
+24p| S+ L2 | S
12 0%y, 4 an uy +(8m N 8772) " or or ) dzg
Al TRy Vs 4y B ¥ AL Zy
2" @ | o 9z 9z +ﬁ§ﬂ(aﬂ+%}%%m
(A.19) or (dzp 9z or 9dzp 9zo
2
am oy 2 a771 oy a771 oYy [ 9my
(ﬁz—ﬂl) { +hy, o 929 3Z1 -F dzo \ 929
3 2
a¢2 Py NIE +ﬁ(1 91/112 12+31/f1m+3wz
dz00r 3z, 2 dzyor 0z; or 9z ar
amy aflz L om [[aw i /N ﬁﬂ)
+(Bi- ﬁz)( azl B azo 3 dz; 0z
ﬂ Y 32% -8 ( W o S, M)]] (A21)
0z or2 dzy \ dzp or dz;  0zg
3 ) oy
'7' o ‘/’1 az‘pl +@lc,,z, (A.20) # F{3nmz -2ni- B C”Z by, |
8 Z0 aZO
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